The aim of this note is to study and compare the dynamics of two classes of periodic point free homeomorphisms of the open annulus, homotopic to the identity. First, we consider skew products over irrational rotations (often called quasiperiodically forced monotone maps) and derive a decomposition of the phase space that strengthens a classification given by J. Stark in [1] . There exists a sequence of invariant essential embedded open annuli on which the dynamics are either topologically transitive or wandering (from one of the boundary components to the other). The remaining regions between these annuli are densely filled by so-called invariant minimal strips, which serve as natural analogues for fixed points of one-dimensional maps in this context. Secondly, we study homeomorphisms of the open annulus which neither have periodic points nor wandering open sets. Somewhat surprisingly, there are remarkable analogies to the case of skew product transformations considered before. Invariant minimal strips can be replaced by a class of objects which we call invariant circloids, and using this concept we arrive again at a decomposition of the phase space. There exists a sequence of invariant essential embedded open annuli with transitive dynamics and the remaining regions are densely filled by invariant circloids. In particular, the dynamics on the whole phase space are transitive if and only if there exists no invariant circloid and if and only if there exists an orbit which is unbounded both above and below.
Introduction
We say a homeomorphism f of the open annulus A = T 1 × R, homotopic to the identity, is a quasiperiodically forced (qpf ) monotone map if it has skew product structure (1.1) f (θ, x) = (θ + ω, f θ (x)) ω ∈ T 1 \ Q .
The strictly increasing maps f θ : R → R are called fibre maps. There are several motivations to study maps of this type and quasiperiodically forced systems in general. First, there are many models in physics with such a skew product structure -basically whenever a system is influenced by two periodic external factors with incommensurate frequencies (see, for example, [2, 3] ). Secondly, qpf systems exhibit interesting dynamical phenomena, like the existence of so-called strange nonchaotic attractors, which are not easy to find elsewhere [4, 5] . However, the point we want to emphasize here is a third one, which has not yet received much attention. Qpf monotone maps present the simplest class of annular homeomorphisms in which the existence of periodic orbits is a priori excluded. They thus provide simple models whose study might allow a deeper understanding of more general periodic point free dynamics on the annulus (and likewise on the torus). While the existence of fixed and periodic points is already quite well-understood [6, 7, 8] , the description of the possible behaviour of systems without periodic orbits still presents a substantial problem. However, it is evident that the existence of a skew product structure is a very strong assumption. It is therefore far from being obvious that the concepts developed in this setting can be carried over to more general situations. Our aim here is to demonstrate that this is indeed possible by providing analogous results on the two classes of systems mentioned above. It will even turn out that the T. Jäger theory runs more smoothly in the non-fibred setting, since the non-wandering assumption we make there allows to avoid a number of difficulties. Hence, on the technical side our main achivement will be the improved classification of qpf monotone maps, whereas the results on the non-fibred case are rather interesting from the conceptual point of view.
An important notion in the study of qpf monotone maps is that of a strip, which is defined as a compact set A ⊆ A whose intersection with any fibre {θ} × R is a single non-empty compact interval (possibly reduced to a point). A good way to think about these objects is to view them as generalisations of curves Γ =˘(θ, γ(θ)) | θ ∈ T 1¯, with γ : T 1 → R continuous, where each point of the curve is replaced by a vertical interval. A strip is called pinched if it intersects generic fibres in a single point, and it is called minimal if it does not strictly contain any smaller strip. In order to avoid confusion with the dynamical definition of minimality, we will also call minimal strips mstrips. (Note that an invariant minimal strip is not necessarily a minimal set.) One reason for the significance of invariant strips is their intimate relation to minimal sets. Any pinched invariant strip contains a unique minimal set, and conversely one can assign an invariant m-strip to any minimal set [1] . Furthermore, Stark showed that any compact transitive set is either contained in a pinched invariant strip, or it is contained in the region between two invariant m-strips which are the two boundary components of the transitive set [1, Theorems 4 and 5]. As a consequence of our results, we will obtain that in the second case the transitive set is actually not only contained in, but equal to the region between the two m-strips. The key observation is the following. Proposition 1.1. Suppose f is a qpf monotone map and there exists no invariant strip. Then either f is topologically transitive on A or there exists a curve Γ =˘(θ, γ(θ)) | θ ∈ T 1¯, with γ :
Given two functions ϕ, ψ :
Half-open and closed intervals are defined similarly. It is easy to see that ϕ is upper semi-continuous and ψ is lower semi-continuous if and only if (ϕ, ψ) is homeomorphic to the open annulus. (In this case, the homeomorphism can even be chosen such that it preserves the first coordinate.) Theorem 1.2. Suppose f is a qpf monotone map. Then there exists a sequence of invariant open annuli An = (ϕn, ψn), n ∈ Λ ⊆ Z, with ϕn < ψn ≤ ϕn+1 ∀n ∈ Λ \ {sup Λ}, such that either f |An is topologically transitive or there exists a curve Γ ⊆ An which is disjoint from its image. The regions Sn = [ψn, ϕn+1] between these annuli are densely filled by invariant m-strips.
If the annulus An contains a curve Γ which is disjoint from its image, then we say the dynamics on An are wandering. In this case, it is possible to give some more information. Given a function γ :
If Γ is a curve in An which is disjoint from its image and f γ > γ, then there exists a residual subset Θ ⊆ T 1 such that on Θ the sequence f n γ converges pointwise to ψn as n → ∞ and to ϕn as n → −∞. The converse statements hold if f γ < γ.
We then turn to study the class of non-wandering homeomorphisms 1 of the open annulus, homotopic to the identity, which we denote by Homeo nw 0 (A). For such maps, an extension of the Poincaré-Birkhoff Theorem due to Franks [6] yields a very general criterium for the existence of periodic orbits. Not much is known, however, about the dynamics in the periodic point free case. One exception is the so-called Arc Translation Theorem by Kwapisz [9] (see also [10] ), which concerns the finite-time dynamics 'in the horizontal direction'. It states that if f is a homeomorphism of the compact annulus, homotopic to the identity, with uniquely defined irrational rotation number, then for any n ∈ N there exists a simple arc Γn that joins the two boundary components and is disjoint from its first n iterates. It therefore shows exactly the same combinatorics as an orbit of the respective irrational rotation on the circle. This result was extended to the case of periodic point free area-preserving homeomorphisms of the open annulus by Béguin, Croviser and Le Roux [11] . They also showed that an area-preserving homeomorphism of A, homotopic to the identity, is periodic point free if and only if its rotation set is reduced to a single irrational number. (As the definition of the rotation set on the open annulus requires some care and we will not further be concerned with it, we refrain from stating it here and just refer to the very lucid exposition in [12] ).
In this note, we want to pursue a complementary direction, by considering rather the dynamical behaviour 'in the vertical direction'. Our aim is to derive analogues of the above statements on qpf monotone maps. Evidently, the first thing which is needed for this purpose is a suitable non-fibred version of the concept of m-strips. Now, an essential feature of an m-strip A = [ϕ, ψ] is that it 'cuts' the annulus into exactly two open parts (−∞, ϕ) and (ψ, ∞), and that it is minimal with respect to inclusion amongst such sets. This motivates the following definition. (i) C is compact and connected.
(ii) The complement of C consists of exactly two connected components, which are both unbounded.
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(iii) C does not strictly contain a smaller set with properties (i) and (ii).
While this class of objects does not seem to have been studied systematically before, it should be mentioned that there are many examples of invariant circloids in the literature, and even some interesting general results which apply to these objects. The simplest circloids are surely essential simple closed curves. However, circloids may also have a much more complicated structure, as for example the pseudo-circle introduced by Bing [13] , which was latter described as an invariant set of smooth surface diffeomorphisms by Handel [14] and Herman [15] . Another type of sophisticated examples is given by Birkhoff attractors, which occur in the context of dissipative twist maps [16] . Last but not least, any strip in the above sense is also a circloid (see Lemma 3.1).
If a set A ⊆ A has properties (i) and (ii) above, we call it an annuloid. Such sets have been studied by Franks and Le Calvez in the context of generic annular diffeomorphisms [17] (under the name 'filled essential continua'). Using Caratheodory prime ends, they associated two rotation numbers to an invariant annuloid, one for the prime ends in the upper and one for those in the lower connected component of the complement. If A is an invariant annuloid of an area-preserving annular homeomorphism and does not contain any periodic points, then these two rotation numbers are both equal to the same irrational number, which is the unique rotation number on the annuloid.
Finally, circloids play a crucial role in the proof of the fact that an area-preserving homeomorphism of the two-torus f with lift F : R 2 → R 2 is semi-conjugate the irrational rotation Rρ on T 2 if and only if there exists a constant C > 0 with
. This can be seen as an extension of Poincaré's celebrated Classification Theorem for orientation-preserving circle homeomorphisms. The main step in the proof in [18] consists of constructing a dynamical lamination of the phase space consisting of pairwise disjoint circloids that are permuted by f in the same way as the horizontal/vertical lines by the respective irrational rotation. Not surprisingly, the result had a precursor in the theory of qpf maps [19] .
In our context, we view circloids as 'smallest units' in a decomposition of the phase space. The second type of building blocks appearing in this decomposition are, similar as above, invariant essential embedded open annuli with transitive dynamics. We start again with a preliminary result. Proposition 1.5. Suppose f ∈ Homeo nw 0 (A) has no periodic orbits. Then f is topologically transitive if and only if there exists no invariant circloid and if and only if there exists an orbit which is unbounded both above and below.
We call a subset of A essential if its complement does not contain a connected component which is unbounded in both directions.
3 If A ⊆ A is bounded above and has essential closure, we denote by U + (A) the connected component of A c which is unbounded above. Similarly, if
A ⊆ A is bounded below and has essential closure, we denote by U − (A) the connected component of A c which is unbounded below. If A is connected, then U + (A) ∪ {∞}, respectively U − ∪ {−∞}, is simply-connected and therefore a topological open disk. We call U + (A) an upper hemisphere and U − (A) a lower hemisphere in this case. 4 Given two circloids C1, C2, we write C1 Remark 1.7. (a) In analogy to the theory of twist maps, it seems appropriate to call the transitive annuli in the above statement 'instability regions' (see also [17] ).
(b) A similar decomposition statement holds on the torus. A non-wandering toral homeomorphism which is homotopic to the identity and has no periodic orbits is either topologically transitive or it has an invariant circloid [18] . In the second case, the complement of this circloid is homeomorphic to an open annulus, and consequently Theorem 1.6 yields a decomposition into transitive annuli and invariant circloids.
2 Quasiperiodically forced monotone maps
Notation and preliminaries on invariant strips
Suppose f is a qpf monotone map. Then a map ϕ :
If C ⊆ A, we let C θ := {x ∈ R | (θ, x) ∈ C}. Given any subset C ⊆ A with π1(C) = T 1 , we define its upper and lower bounding graphs as .2) to any bounded F -invariant set A in order to obtain invariant (but not necessarily semi-continuous) bounding graphs.
For any graph T 1 → R we denote its point set by the corresponding capital letter, for example
. For simplicity, we denote
+ . An important property of this construction is the following. There is a simple procedure to produce m-strips, starting with semi-continuous invariant graphs. 
Decomposition of the phase space for qpf monotone maps
We start by proving Proposition 1.1, which is a direct consequence of the following two lemmas. Proof. We construct the point set Γ of the curve. Note that we may allow Γ to contain vertical segments: The property we are interested in is open w.r.t. Hausdorff distance. Therefore any vertical parts can be slightly tilted in order to obtain a curve that can be represented as a graph over T 1 . By going over to a suitable iterate, we may assume w.l.o.g. that W contains a ball of diameter larger than d(0, ω). Let Λ0 ⊆ W be a straight horizontal line segment of length ω. Denote the endpoints of Λ0 by a0 = (θ0, x0) and b0 = (θ0 + ω, x0). Further, let 
Note that Γ k is a curve that joins a0 and b k and contains k vertical segments. Further, by construction
Now let m := max{k ∈ N | kω < 1} (here, we exceptionally view ω as an element of (0, 1) ⊆ R), and define Γ as the union of Γm \ π −1 1 ([0, ω)), Λ0 and the vertical line segment between a0 and Λm. This defines a closed curve that winds exactly once around the torus and contains m + 1 vertical segments. Further, if we assume w.l.o.g. that m ≥ 2, then Γ1 ⊆ Γ. From now on we assume that a1 lies above b0, such that a k+1 lies above b k for all k ∈ N0 by monotonicity. (The case that a1 lies below b0 is completely symmetric.) In order to show that Γ (or a modification thereof) is mapped either above or below itself, we have to distinguish three different cases (see Figure 2) . Case 1. First, assume there exists n ∈ N such that bn lies above Λ0. 5 W.l.o.g. we can assume n = m, otherwise we lift the system to the j-fold cover (R/jZ)×T 1 of T 2 , where j is the integer part of nω, and repeat the construction of Γ as above. (It easy to see that if there exists a curve with the required property on this j-fold cover, then the same is true for the original system.) If bm lies above Λ0, then by the assumption made above the same holds for am+1. Further, by monotonicity of the fiber maps, bm+1 lies above Λ1. As Λm+1 joins am+1 and bm+1 and cannot intersect Λ0 ∪ Λ1 (recall that Λ0 is contained in the wandering set W ), we obtain that (bm, am+1] ∪ Λm+1 lies strictly above Γ1. Together with (2.3) this implies f (Γ) Γ and f N (Γ) ≻ Γ for sufficiently large N . Γ can now easily be modified in order to obtain F (Γ) ≻ Γ.
Case 2. Secondly, assume there exists n ∈ N such that bn lies below Λ0 and Λn+1 does not intersect [b0, a1]. Again, we can assume n = m. As Λm+1 cannot intersect Λ0 ∪ Λ1, it is disjoint from Γ1 in this case. Since bm+1 lies below Λ1 ⊆ Γ1 by monotonicity, this implies that the whole curve Λm+1 ∪ (bm, am+1] is below Γ1. Similar to above we obtain f (Γ) Γ and f N (Γ) ≺ Γ for sufficiently large N . Again replacing Γ by a slight modification if necessary, we obtain F (Γ) ≺ Γ.
Case 3. Finally, we have to address the case where bn lies below Λ0 and Λn+1 intersects [b0, a1] whenever π1(bn) ∈ π1(Λ0). We show that this implies the existence of an invariant strip, contradicting the assumptions. Let Ω := T k≥0 S ∞ j=k Γj . Clearly Ω is a closed f -invariant set. We claim that for a sufficiently small δ > 0 its upper bounding graph satisfies
5 Suppose Λ is the point set of a curve λ defined on a subinterval I of T 1 and b ∈ T 2 . Then by saying b = (θ, x) is above Λ we mean x > λ(θ), implicitly assuming θ ∈ I. In the following we will use similarly obvious terminology without further explanation. It remains to prove (2.4). As Γ0 is contained in the wandering set W , there exist small boxes W0 := B δ (θ1) × B δ (x0) around b0 and W1 := B δ (θ1) × B δ (x1) around a1 which no curve Λj with j ≥ 2 can intersect. We fix δ ∈ (0, ω) with this property. Now, whenever π1(bn) ∈ π1(Λ0) the curve Λn ∪ [bn, an+1] ∪ Λn+1 = f n (Γ1) has to pass through below the set c W1 := I × B δ (x1): This holds for Λn+1 as this curve must intersect [b0, a1] and cannot intersect c W1, and Λn lies below Λ0 anyway as this is true for its right endpoint bn. Consequently none of the sets S j≥k Γj intersects the region {(θ, x) | θ ∈ I, x > x1 − δ}, and from this the upper bound in (2.4) follows easily.
For the lower bound, note that there are infinitely many n ∈ N such that π1(W1) ⊆ π1(Λn+1). For such n, the curve Λn+1 has to pass through between the boxes W0 and W1 on their whole width. Therefore the upper bounding graphs of the sets S j≥k Γj are always above W0, and consequently the same is true for their pointwise limit ϕ + Ω .
Case 1
Case 2 Case 3 Proof of Theorem 1.2 . Given a qpf monotone map f , we denote by M the set of all f -invariant m-strips and let C = cl`S C∈M C´. Suppose that A is a connected component of C c . Then there exists an interval I ⊆ T 1 and x0 ∈ R, such that I × {x0} ⊆ A. Let . Consequently the latter is a connected component of C c , and since I × {x0} ⊆Ã we must haveÃ = A. We thus obtain that all connected components of C c are embedded essential open annuli, and labelling them according to their order on A yields the required decomposition of the phase space. Since each of the annuli An is homeomorphic to A, Proposition 1.1 yields the dichotomy for the dynamics on the An.
Proof of Addendum 1.3. Given a curve Γ = {(θ, γ(θ)) | θ ∈ T 1 } with f (Γ) ≻ Γ, the sequence of continuous functions f n γ is monotonically increasing and bounded by ψn. (The case ψn ≡ ∞ is treated similarly.) Hence, they have to converge pointwise to a l.s.c. and invariant graph ψ ≤ ψn. Since the strip [ψ +− , ψ + ] is an invariant m-strip and there are no such strips in An, we must have ψ + = ψ + n , which implies that ψ and ψ + n coincide on a residual set Θ by Lemma 2.1 . Since ψ ≤ ψn ≤ ψ + n , this implies that ψ and ψn are equal on Θ as well.
Remark 2.6. There are no known examples of a qpf monotone map admitting a free curve where one has ψ = ψn in the proof of the addendum. However, examples of this type exist for so-called pinched skew products [4, 21] , which are qpf interval maps with non-decreasing but not strictly monotone fibre maps.
Periodic point free non-wandering homeomorphisms of the open annulus 3.1 Invariant circloids
The aim of this section is two-fold. On the one hand we provide some preliminary results on circloids, which will entail Proposition 1.5 and Theorem 1.6 rather easily in the next section. On the other hand, we will also mention some facts, mostly taken from [18] , that will not further be used in the present paper. The motivation for this is the following: While the analogy between qpf and periodic point free maps has already lead to some advances [18, 22] and further progress in this direction is expected, it will be rare that results on both classes of maps can be presented in the same article. Hence, we want to take advantadge of this opportunity and discuss some relations between circloids and strips in more detail, which shows that even on a technical level the two types of objects can often be treated in a very similar way. We start with the following. 
is the intersection of a nested sequence of compact annuli. This shows that C is connected and essential. Further, its complement consists exactly of the two connected components (−∞, ϕ
Hence C is an annuloid, and it remains to show that it does not strictly contain a smaller annuloid.
In order to do so, suppose that C ′ C is compact and let (θ, x) ∈ C \ C ′ . Then there is a small
This implies that the infinite line obtained as the union of the vertical half-lines from (θ1, −∞) to (θ1, x − δ/2) and from (θ2, x + δ/2) to (θ2, ∞) with the straight line segment from (θ1, x − δ/2) to (θ2, x + δ/2) is disjoint from C ′ . Hence C ′ is not essential and therefore no annuloid.
In the fibred setting, an important operation is to assign bounding graphs to a strip. Obviously, due to the lack of a fibred structure this does not make sense anymore for annuloids. (One may of course define such bounding graphs, but these neither determine the annuloid uniquely nor inherit its invariance.) However, if C is a strip then the connected components U − (C) = (−∞, ϕ 
Lemma 3.2 ([18]
). An annuloid C is a circloid if and only if U −+ (C) = U + (C) and U +− (C) = U − (C). Further, given any upper hemisphere 6 U , the set
Another important notion for qpf maps is that of a pinched strip, which could equivalently be defined as a strip with empty interior [1] . Hence, if we call an annuloid with empty interior thin, then this should be the analogue of 'pinched'. A crucial property of pinched strips is that they only contain one minimal strip [1] , and the analogue statement is again true for thin annuloids. However, there are also some differences to the fibred situation which should be mentioned. First, contrary to a pinched strip which always contains a unique minimal set [1] , a thin annuloid may contain several of these. This is the case for some Birkhoff attractors of dissipative twist maps which contain different periodic orbits (e.g. [16] ). Secondly, while any m-strip is pinched [1] , a circloid is not necessarily thin (see Figure 3) . However, this becomes true under some additional conditions.
Lemma 3.4 ([18]
). If f ∈ Homeo nw 0 (A) and C is an f -invariant circloid, then C has empty interior. Similarly, two invariant circloids do not always have to be disjoint, but again this is true in the non-wandering case.
Lemma 3.5 ( [18] ). Suppose f ∈ Homeo nw 0 (A). Then any two f -invariant circloids are either equal or disjoint. 6 We call U an upper hemisphere if U ∪ {+∞} is simply connected and bounded below and contains a neighbourhood of +∞.
T. Jäger In fact, the two preceeding statements are more or less direct consequences of the following technical lemma. Since it plays a crucial role in the next section, we repeat the short proof given in [18] for the convenience of the reader. Since
is connected, this shows that V contains an essential closed curve, which can be chosen simple.
Finally, we will make use of the following. Proof. Given an annuloid A, the set A of all annuloids A ′ ⊆ A is partially ordered by inclusion. Further, any nested sequence of annuloids in A is bounded from below by its intersection (it is easy to check that this is again an annuloid). Thus the assumptions of the Lemma of Zorn are met and we obtain the existence of a minimal element in A. The argument for f -invariant annuloids is exactly the same.
Decomposition of the phase space
As mentioned, the statements given in the introduction now follow quite easily.
Proof of Proposition 1.5 . It is obvious that transitivity implies the existence of an orbit which is unbounded in both directions, and this in turn excludes the existence of an invariant circloid. Hence, it remains to show that if f ∈ Homeo nw 0 (A) has no periodic orbits and is not topologically transitive then it has an invariant circloid.
Due to the lack of transitivity, there exist open sets U, V ⊆ A with f n (U ) ∩ V = ∅ ∀n ∈ N. Since f is non-wandering, we even have f n (U ) ∩ V = ∅ ∀n ∈ Z. By going over to a higher iterate if necessary, we may assume that f (U ) ∩ U = ∅ and f (V ) ∩ V = ∅. (Here, we use the fact that all iterates of f are non-wandering by Lemma A.1.) It follows that the two disjoint open invariant sets U = S n∈Z f n (U ) andṼ = S n∈Z f n (V ) are connected. By Lemma 3.6 both sets contain an essential simple closed curve and consequently one of them must lie below the other, sayṼ ⊆ U − (Ũ ). Then U −+ (Ũ ) ⊆ U + (Ṽ ), which implies that U −+ (Ũ ) and U +− (Ṽ ) are disjoint. It follows that the set A = A \ (U −+ (Ũ ) ∪ U +− (Ṽ )) is an invariant annuloid and Lemma 3.7 therefore yields the existence of an invariant circloid.
Proof of Theorem 1.6 . Given f ∈ Homeo nw 0 (A) without periodic orbits, let M be the set of all f -invariant circloids and C = cl`S C∈M C´. Suppose A is a connected component of C c . As f is non-wandering the open set A has to be periodic, that is, there exists some n ∈ N such that A is f n -invariant. Due to Lemma 3.6, A contains an essential simple closed curve Γ. Further, any Jordan curve J in A which is nullhomotopic in A is also nullhomotopic in A. This follows from the fact that no circloid can intersect the interior of the disk bounded by J, since it would otherwise have to be contained in this disk by connectedness. Hence, A is an embedded essential open annulus. This implies in particular that A is not only periodic, but invariant. (An essential embedded annulus that is mapped above or below itself can never return.) We let C − = A \ (U − (A) ∪ U −+ (A)). By Lemma 3.2, C − is a circloid. (Note that we can replace A by the lower hemisphere A ∪ U − (Γ), where Γ is any essential closed curve contained in A, in the definition of C − .) In the same way we define C + = A \ (U +− (A) ∪ U + (A)). Both C − and C + inherit the invariance of A and are therefore contained in C. Hence A ⊆ (C − , C + ). Conversely, there is no other circloid C contained in (C − , C + ), since this would imply that either A ⊆ (C − , C) or A ⊆ (C, C + ). It follows that A = (C − , C + ). The fact that f |A is topologically transitive follows from Proposition 1.5 . Labelling all such annuli according to their ordering on A now yields the statement of the theorem.
